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Abstract 

In this paper, in view of Z p -Tucker lemma, we introduce a lower bound for chro- 
matic number of Kneser hypergraphs which improves Dol'nikov-Kfiz bound. 
Next, we introduce multiple Kneser hypergraphs and we specify the chromatic 
number of some multiple Kneser hypergraphs. For a vector of positive integers 
s = (si, S2, . . . , s m ) and a partition n = {Pi, P2, • ■ • , P m ) of {1, 2, . . . , n}, the 
multiple Kneser hypcrgraph KG r (7r; s; k) is a hypcrgraph with the vertex set 

V = {A: A C Pi UP 2 U • • • UP TO , \A\ = k, VI < i < m; \A n P<| < sj 

whose edge set is consist of any r pairwise disjoint vertices. We determine the 
chromatic number of multiple Kneser hypergraphs provided that r — 2 or for 
an Y 1 < i < m, we have \Pi\ < 2s^. In particular, one can see that if |Pi| = 
|P 2 | = ... = \P m \ = t, m > k, and s = (1,1,..., 1), then x(KG 2 (tt; s; k)) = 
t(m — k + 1). This gives a positive answer to a problem of Naserasr and Tardif 
[The chromatic covering number of a graph, Journal of Graph Theory, 51 (3): 
199-204, (2006)]. 

A subset S C [n] is almost s-stable if for any two distinct elements i,j e 3, 
we have \i — j\ > s. The almost s-stable Kneser hypergraph KG r (n, k)~__ stab 
has all s-stable subsets of [n] as the vertex set and every r-tuple of pairwise 
disjoint vertices forms an edge. Meunier [The chromatic number of almost 
stable Kneser hypergraphs. J. Combin. Theory Scr. A, 118(6):1820-1828, 



n— r(k— 1) 



. We 



2011] showed for any positive integer r, x(KG r (n, fc)^_ stah ) 
extend this result to a large family of Schrijvcr hypergraphs. Finally, we present 
a colorful-type result which confirms the existence of a completely multicolored 
complete bipartite graph in any coloring of a graph. 

Keywords: Chromatic Number, Kneser Hypcrgraph, Z p -Tucker Lemma, 
Tucker-Ky Fan's Lemma. 
Subject classification: 05C15 



1 Introduction 

In this section, we setup some notations and terminologies. Hereafter, the symbol 
[n] stands for the set {1, . . . ,n}. A hypergraph % is an ordered pair {V{~H), £(%)), 

The research of Hossein Hajiabolhassan is supported by ERC advanced grant GRACOL. 



1 



where V(H) (the vertex set) is a finite set and £ (H) (the edge set) is a family 
of distinct non-empty subsets of V(7i). Throughout this paper, we suppose that 
V{%) = [re] for some positive integer re. Assume that N = (N±, N2, • • • , N r ), where 
Ni's are pairwise disjoint subsets of [n]. The induced hypergraph H\ N has U£ =1 iVj and 
{A € £{T~L) ■ 3i; I < i < r, A Q Ni} as the vertex set and the edge set, respectively. 
If every edge of hypergraph has size r, then it is called an r-uniform hypergraph. 
A t-coloring of a hypergraph % is a mapping h : V(H) — > [t] = {1,2, ... ,t} such 
that every edge is not monochromatic. The minimum t such that there exists a 
t-coloring for hypergraph T~L is termed its chromatic number, and is denoted by 
x('H). If H has an edge of size 1, then we define the chromatic number of H to 
be infinite. For any hypergraph % = {V (%),£{%)) and positive integer r > 2, the 
Kneser hypergraph KG r ("H) has £(H) as its vertex set and the edge set consisting of 
all r-tuples of pairwise disjoint edges of H. It is known that for any graph G, there 
exists a hypergraph % such that G is isomorphic to KG 2 (%). 

A subset S C [n] is s-stable (reps, almost s-stable) if any two distinct el- 
ements of S are at least "at distance s apart" on the re-cycle (reps, re-path), 
that is, s < \i — j\ < n — s (reps. \i — j\ > s) for distinct i,j € S. Here- 
after, for a subset A C [re], the symbols (^), (^) , and (fy stand for the set 
of all /c-subsets of A, the set of all s-stable /c-subsets of A, and the set of all 
almost s-stable /c-subsets of A, respectively. One can see that (£) C C 

(£). Assume that % = (A (£)), ^2 = (A {f) s ), and "H 3 = (A (fl J)- Here- 
after, for any positive integer r > 2, the hypergraphs KG r (%i), KG r (%2); and 
KG r (^ 3 ) are denoted by KG r {A,k), KG r (A, k) s _ stab , and KG r (A, k)~_ stab , respec- 
tively. Also, KG r ([re], fc), KG r ([n],k) s - s tab, and KG r ([n],fc)^_ sia() , are denoted by 
KG r (n, k), KG r (n,k) s - stab , and KG r (n,fc)~ stab 1 ' respectively. Moreover, hyper- 
graphs KG r (n, k), KG r (n,k) s - s tab, and KG r (re, k)~_ stab are termed the Kneser hy- 
pergraph, the s-stable Kneser hypergraph, and the almost s-stable Kneser hyper- 
graph, respectively. In 1955, Kneser [16] conjectured x(KG 2 (re,/c)) = re — 2k + 2. 
Later, Lovasz [19], in his fascinating paper, confirmed the conjecture using alge- 
braic topology. Next, Erdos [9] presented an upper bound for the chromatic num- 
ber of Kneser hypergraphs and conjectured the equality. In [2], this conjecture 
has been confirmed and it was shown x(KG r (n,fc)) = gzlljjpjj _ j n v iew of re- 
sult of Erdos [9], one can conclude that for any positive integer r > 2, we have 
X (KG r (n,k) s _ stab ) < x(KG r (n,k)^ stab ) < [ ""g^ ] ■ Also, Meunier [24] has 

shown that when s > r, then x(KG r (re, k) s _ stab ) < — ^jr— ^ . Finding a lower 
bound for chromatic number of hypergraphs has been studied in the literature, see 
[7, 17, 18, 28, 29, 34, 35]. As an interesting result, we have Dol'nikov-Kfi'z bound. 
For a hypergraph H, the r-colorability defect of H, say cd r (H), is the minimum 
number of vertices which should be excluded such that the induced hypergraph on 
the remaining vertices has chromatic number at most r. 

Theorem A. [Dol'nikov for r = 2, KHz [7, 17]) For any hypergraph T~i and positive 
integer r > 2, we have 

x(KG r (H)) > 
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Alon et al. [3] constructed ideals in N which are not non-atomic but they have 
the Nikodym property by using stable Kneser hypergraphs. In this regard, they 
studied the chromatic number of r-stable Kneser hypergraph KG r (n, k) r _ s t a b an d 
presented the following conjecture. 

Conjecture A. [3] Let k,r and n be positive integers where n > rk and r > 2. We 
have 



x(KG r (n, k) r - sta b) 



n — r(k — 1) 
r — 1 



In [3], it has been shown that the aforementioned conjecture holds when r 
is a power of 2. As an approach to Conjecture A, Meunier [24] showed that 



x (KG r (n,k)~_ stab ) 
lows. 



n— r(k— 1) 



and he strengthened the above conjecture as fol- 



Conjecture B. [24] Let k, r, s and n be positive integers where n > sk and s > r > 
2. We have 

n — s(k — 1) 



X (KG r (n,k) 



s—stab I 
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In [15], it has been shown that if r = 2 and n is sufficiently large, then for s > 4 
the aforementioned conjecture holds. 

This paper is organized as follows. In Section 1, we set up notations and termi- 
nologies. Section 2 will be concerned with Tucker's lemma and its generalizations. 
In Section 3, we introduce the i th alternation number of hypergraphs, and in view of 
Zp-Tucker lemma, we present a lower bound for chromatic number of hypergraphs. 
This lower bound improves the well- know Dol'nikov-Kfiz lower bound (Theoreme A). 
In fact, the alternation number of a hypergraph can be considered as a generaliza- 
tion of colorability defect of hypergraphs. Section 4 is devoted to multiple Kneser 
hypergraphs. In this section, we determine the chromatic number of some multiple 
Kneser hypergraphs. In particular, we present a generalization of a result of Alon 
et al. [2] about chromatic number of Kneser hypergraphs. In Section 5, we extend 
Meunier's result and it is shown that for any positive integers k, n and r, if r is 

r-l 

an even integer or n k, then for Schrijver hypergraph KG r (n, k) 2- stab, we have 
x(KG r (n, k)2stab) = "~r-i~ 1 ' > ■ ^ n * ne l as ^ Section, in view of Tucker-Ky Fan's 
Lemma, we prove a colorful-type result which confirms the existence of a completely 
multicolored complete bipartite graph in any coloring of a graph in terms of its 
alternation number. 



2 Tucker's Lemma and Its Generalizations 

In this section, we present Tucker's lemma and some of its generalizations. In fact, 
Tucker's lemma is a combinatorial version of the Borsuk-Ulam theorem with sev- 
eral interesting applications. For more about Bursuk-Ulam's theorem and Tucker's 
lemma, see [20]. 
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Throughout this paper, for any positive integer r, let Z r = {loi,oj 2 , . . . , w r } be 
a set of size r where €" Z r . Moreover, when p is a prime integer, we assume that 
Z p is a cyclic group of order p and generator co, i.e., Z p = Z p = {uj, uj 2 , . . . , uj' p }. In 
particular, when r = 2, we set Z 2 = Z 2 = {to, to 2 } = {— 1,+1}. Consider a ground 
set S such that 0^5 and |5| > 2. Assume that X = (x±,x 2 , ■ ■ ■ , x n ) is a sequence 
of S U {0}. The subsequence Xj t , Xj 2 , . . . , Xj m (j\ < j 2 < ■ ■ ■ < j m ) is said to be an 
alternating sequence if any two consecutive terms in this subsequence are different. 
We denote by alt(X) the size of a longest alternating subsequence of non-zero terms 
in X. For instance, if S = Z4 and X = (lu4,0,u) 2 ,oji,Q,lui,cj3,lui), then alt(X) = 5. 

One can consider (Z r U {0}) n as the set of all singed subsets of [n], that is, 
the family of all (X , X , ...,X r ) of disjoint subsets of [n]. Precisely, for X = 
(x 1 ,x 2 ,...,x n ) G (Zr U {0}) n \ {(0,0, ... ,0)} and j 6 [r], we define X j = {i G 
[n] : Xi = ojj}. Throughout of this paper, for any X G (Z r U {0}) n , we use these 
representations interchangeably, i.e., X = (x\,x 2 , . . . , x n ) or X = (X 1 , X 2 , . . . , X r ). 
Assume X,Y G (Z r U{0}) n . By X ^ F, we mean X* C Y l for each i 6 [r]. Note that 
if X ■< Y, then any alternating subsequence of X is also an alternating subsequence 
of Y and therefore alt(X) < altiY). Also, note that if the first non-zero term in 
X is ujj, then any alternating subsequence of X of maximum length begins with uij 
and also, we can conclude that X J contains the smallest integer. For a permutation 
a of [n], by alt a (X), we denote the length of a longest alternating subsequence of 
non-zero signs in (2^(1) , x„( 2 ) , ■ ■ ■ , ^(n) ) , i- e -> a^(Oa(i), ^(2) , • • • , ^a(n)))- In this 
terminology, alt(X) is the same as alti(X), where / is the identity permutation. 
Now, we are in a position to introduce Tucker's lemma. 

Lemma A. (Tucker's lemma [31] ) Suppose that n is a positive integer and A : 
{-1, 0, +l} n \ {(0, . . . , 0)} — > {±1, ±2,..., ±(n - 1)}. Also, assume that for any 
signed set X G {-1,0, +l} n \ {(0, ... ,0)}, we have A(-X) = -A(X). Then, there 
exist two signed sets X and Y such that X <Y and also A(X) = —X(Y). 

There exist several interesting applications of Tucker's lemma in combinatorics. 
Among them, one can consider a combinatorial proof for Lovasz-Kneser's Theorem 
by Matousek [21]. Also, there are various generalizations of Tucker's lemma. Next 
lemma is a combinatorial variant of Z p -Tucker Lemma proved and modified in [34] 
and [24], respectively. 

Lemma B. (Z p -Tucker Lemma) Suppose that n,m,p and a are non-negative inte- 
gers, where m, n > 1, m > a > 0, and p is a prime number. Also, let 

A: (Z p U{0}) n \{(0,0,...,0)} -^Z p x[m] 

X ^( Al (X),A 2 (X)) 

be a map satisfying the following properties: 

• A is a Z p -equivariant map, that is, for each up G Z p , we have A(uP X) = 
(^Ai(X),A 2 (X)); 

• for all X l <X 2 e (Z p U {0}) n \ {(0, 0, . . . , 0)}, if A 2 (Xi) = A 2 (X 2 ) < a, then 
Ai(X 1 ) = A 1 (X 2 ); 
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. for all X 1 1 X 2 * ■ ■ ■ 1 X p G (Z p U {0})™ \ {(0,0, . . . ,0)}, if X 2 (X 1 ) = 
X2(X 2 ) = • • • = \2{X p ) > a + 1, then the Ai(Xj) 's are not pairwise distinct 
fori = 1,2,..., p. 

Then a + (m — a)(p — 1) > n. 

Another interesting generalization of the Borsuk-Ulam theorem is Ky Fan's 
lemma [10]. This lemma has been used in some papers to study some coloring 
properties of graphs, see [5, 12] . 

Lemma C. {Tucker-Ky Fan's lemma [10]) Assume that m and n are positive inte- 
gers and X : {—1, 0, +l} n \{(0, . . . , 0)} — > {±1, ±2, . . . , ±m} satisfying the following 
properties: 

1. for any X G {-1,0, +1}" \ {(0, . . . , 0)}, we have X(-X) = -X(X) (a Z 2 - 
equivariant map) 

2. there are no any two signed sets X and Y such that X ■< Y and X(X) = —X(Y). 

Then there are n signed sets X\ < X 2 ^ • • • ^ X n such that {X(Xi), . . . , X(X n )} = 
{+ai, — a 2 . . . , (— l) n ~ 1 a n } where 1 < ai < • • • < a n < m. In particular m > n. 



3 An Improvement of Dol'nikov-Krfz Theorem 

For a hypergraph T C 2^ n \ a permutation a of [n] (a linear ordering of [n]), and 
positive integers i and r > 2, set alt r ^{J- ,i) to be the largest integer k such that 
there exists an X G [Z r U {0})™ \ {(0,0, ... ,0)} with alt a (X) = k and that the 
chromatic number of hypergraph KG r (J-|x) is at most i — 1. Indeed, alt r ^{T , 1) 
is the largest integer k such that there exists an X = (X 1 , X 2 , . . . , X r ) G (Z r U 
{0}) n \ {(0, 0, . . . , 0)} with alt CT {X) = k and none of the X J, s contain any member 
of T. For instance, one can see that aZt ri j((^)„) = r(k — 1) + 1. Also, hereafter, 
altr^iT, 1) is denoted by alt r ^(F). Now, set alt r {F,i) = min{aZt r)0 -(J r , i); a G S n }. 
Also, aZt r (J r , i) is termed the i th alternation number of T (with respect to r) and 
the first alternation number of J- is denoted by alt r {F). In this terminology, one 
can see that if i > x(KG r (J r )), then alt r {F,i) = n. 

For a hypergraph T C 2^, define M r (J r ) to be the maximum size of a set T C [re] 
such that the induced hypergraph on T\ T , is an r-colorable hypergraph. One can 
see that cdr^J 7 ) = n — M r {F). In view of Theorem A, we know x(KG r (J 7 )) > 
c^p = n-Mr(F) _ In thig section) we ghow that x (KG r (J-)) > n -f_^\ In fact, 

Theorem A is an immediate consequence of this result. To see this, one can check 
that for any permutation a of [re], we have M r (T) > alt r ^{T\ According to the 
definition of alt r:(7 {F), there is an X G [Z r U {0}) n \ {(0, 0, . . . , 0)}, such that none 
of X k, s (1 < k < n) contain any member of J 7 and that alt a (X) = alt r , a (J-). Set 
T = U r a=1 X a . Obviously, (X , . . . ,X r ) is a proper r-coloring of F\ T . This implies 
that \X\ < M r (T). On the other hand, alt a (X) < \X\ and therefore 

x(KG r (T)) > n ~ altr ' a ^ > n ~ \ X \ > n-MrjF) = cd r (T) 
r — 1 — r — 1 — r — 1 r — 1 
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Assume that h is a proper coloring of H = KG r (J-~) with colors {1,2, ... ,t} 
where 7^ J- C 2^. For any subset B C [n], we define /i(-B) = max{h(S) : 
S <Z B, S £ J 7 }, if there is no S 1 C B where S e T, then set = 0. 

For any X = (X 1 , X 2 X r ) G (£ r U {0}) n \ {(0, 0, . . . , 0)}, define /i(A) = 
max^X 1 ), /i(A 2 ), . . . , h{X r )}, i.e., 

fcpQ = max{/t(vl) : A G J" & 3j G [r] si. ,4 C X?'}. 

Now, we are ready to improve Theorem A. 

Lemma 1. Assume that J C 2'"' is a hypergraph, and p is a prime number. For 
any positive integer i where i < x(KG p (J-~)) + 1, we have 

X (KG p (J-)) > n ~ alt P^ i ) + i _ 1. 
p — 1 

Proof. Consider an arbitrary total ordering on 2[ n l. To prove the assertion, it 
is enough to show that for any a G S n , we have x(KG p (J 7 )) > - g^giZzl) _|_ j _ 
Without loss of generality, we can suppose a = I. Let KG p (J r ) be properly colored 
with C colors {1,2, ...,C}. For any F G J 7 , we denote its color by h{F). Set 
a = alt p j{F, i) and m = cdt p j(F, i) + C — i + 1. 

Now,' define a map A : (Z p U {0})™ \ {(0, 0, . . . , 0)} — ► Z p x [m] as follows 

• If X G (Z r U {0})™ \ {(0,0,... ,0)} and alt^X) < alt p j(F,i), set X(X) = 
(u 3 ,altj(X)), where j is the index of set X 3 containing the smallest integer 
(u; J is then the first non-zero term in X = [x\, x n )). 

• If X G (Z r U {0}) ra \ {(0, 0, . . . , 0)} and alt^X) > alt PtI (T, i) + 1, in view of 
definition of alt p j(J 7 ,i), the chromatic number of KG P (J : | X ) is at least i. Set 
ApT) = (u J , h(X) — i + 1 + a), where j is a positive integer such that there 
is an A G T where A C X 3 , h(A) = h(X), and A is the biggest such a subset 
respect to the total ordering ^ (note that h(X) > i). 

One can check that A is a Z p -equivariant map from (Z p U {0}) n \ {(0, 0, . . . , 0)} to 
Zp x [m]. 

Let X\ < X2 G (Z p U {0}) n \ {(0,0,..., 0)}. If A 2 (Xi) = \ 2 {X 2 ) < a, then 
the size of longest alternating subsequences of non-zero terms of X\ and X 2 are the 
same. Therefore, the first non-zero terms of X\ and X 2 are equal; and equivalently, 
Ai(Xi) = Ai(X 2 ). 

Assume that X\ < X 2 < ■ ■ ■ ■< X p G (Z p U {0}) n \ {(0,0, ... ,0)} such that 
X 2 (Xi) = X 2 (X 2 ) = ■■■ = X 2 (X p ) > a + 1. According to the definition of A, 
for each 1 < a < p, there are F a G T and j a G [p] such that F a C Xq" and 
A 2 (X a ) = /i(F a ) + t - 1 + a. This implies that h(F ± ) = h(F 2 ) = ■■■ = h(F p ). If 
\{hihi ■ ■ ■ J P }\ = P, then {Fi,F 2 ,. . . ,F P } is an edge in KG P (J"). But, this is a 
contradiction because h is a proper coloring and h(F\) = h(F 2 ) = ■ ■ ■ = h(F p ). 

Now, we can apply the Z p -Tucker Lemma and conclude that n < alt p j(J 7 ,i) + 
(C-i + l)(p-l) and so C > 2=^CM + i _ 1. ■ 
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Lemma 2. Suppose that r, s and n are positive integers, X = (X , X 2 , . . . , X r ) E 
[Z r U {0}) n \ {(0, 0, . . . , 0)}, and a is a permutation of [n]. Also, assume that for 
each j E [r], Y 1] ,Y 2 i , . . . , Y sl are disjoint subsets of X^ . If we set 

Yj = (Y^,Y 2 \ . . . , Y*) E (Z s U {0})" \ {(0, 0, . . . , 0)} 

and 

Z=(Y n ,...,Y sl ,...,Y lr ,...,Y sr )e(Z rs U{0}) n \{(0,0,...,0)}, 

r 

then alt a (Z) > f^alt^^Yj). 

i=l 

Proof. Without loss of generality, we can suppose a = I. Also, let alti(X) = t. 
If x ai , x a2 , ■ ■ ■ ,x at form an alternating subsequence of X (1 < a\ < as < ■ ■ • < 
a t < n )i then the set {a\, a2, ■ ■ ■ , at} is called the index set of this alternating 
subsequence. Choose an alternating subsequence x ai , x a2 , ■ ■ ■ , x at of X such that a\ 
is the smallest integer in T = Uy =1 X J and that for each i E [t], there is a ji E [r] 
where [oj, aj+i) PIT C For each j E [r], assume that Pj is a longest alternating 
subsequence of Yj. Now, we present an alternating subsequence P of Z. Construct 
P such that for each i E [t], P and Pj i have the same index set in [aj,aj+i). It 
is straightforward to check that P is an alternating subsequence of Z and also, 

l^l = ELi^/i XI (^)- ■ 

Here, we extend Lemma 1 to any r uniform hypergraph (r is not necessarily prime) 
for the first alternation number. 



Lemma 3. Let r and s be positive integers where r, s > 2. Also, assume that for 

and X (KG S (H)) > 

-alt rs (. 
rs—1 



any hypergraph U C 2^, x (KG r (^)) > n ~f^ and x(KG s (^)) > 2=^2^. For 
any hypergraph T C 2[ n l, we /iai>e x(KG rs (J-~)) > n ~ altrs (- F ) 



Proof. It is enough to show that for any a E £„, x(KG rs (J r )) > "-^WW . 
Without loss of generality, we can suppose a = I. Let K = x(KG rs (.F)). On the 
contrary, suppose 

n - alt rsJ (T) > {rs - l)K. (1) 
Define the hypergraph T C 2t n ] as follows 

T = {iV C [n] : |iV| - a^ Sj/|iv (JjJ >(s- 1)K) . 

Now, according to the assumption of theorem and the definition of T, for each 
N E T, we have 

( S - l) X (KG s (^ k )) > \N\ - alt sJ]N (P lN ) >(s- 1)K. 

Consequently, 

X (KG S (P))>K (2) 
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Claim: n - alt r j(T) > (r - 1)K. 

Suppose, contrary to our claim, that n — alt r j(T) < (r — 1)K and so alt r j(T) > 
n - (r - l)K. By definition of alt rJ (T), there is an X = (X 1 , X 2 , . . . , X r ) G 
(Z r U {0}) n \ {(0,0, ... ,0)} such that alt^X) > n - (r - l)K and none of X''b 
contain any member of T. In particular, none of them lie in T ■ Therefore, by the 
definition of T, we have 



X l \-alt sJl xr } )<( s -r 



K. 



It means \X l \ — (s — 1)K < alt s j^ (J-\ .). Therefore, for each j € [r], there are s 
disjoint sets Y* 1 , ... , Y'J S C X\ such that alt h . . . , Y'J S ) > \X* I - (s - l)K 

and none of them contain any member of ^ ■ • In particular, none of them contain 
any member of T . Set 



Z= {Y n ,...,Y ls ,...,Y r \...,Y rs ) G(Z rs U{0})"\{(0,0,...,0)}. 
By Lemma 2, 



r 



altj(Z) > ^ (V* 1 , Yn > Y, {\X j \ - {s - l)K) > [Y \X j \) -r{s-l)K. 
j=i XJ j=i \ l / 

r 

Note that ^ \X j \ > alt^X) and thus, 
i=i 

alti(Z) > altj(X) - r(s - l)K > n - (r - l)K - r(s - l)K = n - (sr - l)K. 

Since Z does not contain any member of J-, we get a/t rSi /(J-") > n — (sr — 1)K which 
contradicts inequality (1). So we have proved the Claim. 
By the assumption of theorem and the claim, we have 

(r - l) X (KG r (T)) > n - alt r j{T) > (r - l)K 

and so, 

x(KG r (T)) > K. (3) 

Now, consider a proper coloring h : T — > [K] of KG rs (J 7 ). By inequality (2), in 
every N € T, there exists a color i G [K] which has been assigned to s disjoint 
members of F\ N - Now, define h! : T — > [K] such that h'(N) is the maximum color 
which h assigns to s disjoint sets in T\ N . Now, according to inequality (3), there 
are r sets iVi, . . . , N r € T which are disjoint and from h! receive the same color 
io = h'(Nj). Thus we have rs sets Fjk G T such that Fjk C Nj and also, they are 
disjoint and h assigns them the same color which is a contradiction. ■ 

Next theorem is an immediate consequence of Lemma 1 (in the case i = 1) and 
Lemma 3. 

Theorem 1. For any hypergraph T C 2^ and positive integer r > 2, we have 

X(KG'(*)) > n -^lfl. 

r — 1 
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Theorem 1 in general is better than Dol'nikov-Knz lower bound. Ziegler in [34, 35] 
showed that cd r ((^) t ) = max{n — tr(k — 1),0}. Therefore, Dol'nikov-Knz Theorem 
implies that x(KG r (n, k) 2 _ stah ) > max{n " r 2 _ r f "^'^ . Although, one can easily see 
that alt r j((^fy 2 ) = r(k — 1) + 1 and thus by Theorem 1, 

X(KG>,*) 2 _„J > "-^(*_-')-' > max^-M.-D.O} 

It is easy to see that alt 2 j(( [ l ] ) 2 ,2) = 2k-l. Therefore, in view of Lemma 1 for 
i = 2, we have the next corollary. 

Corollary 1. [27] If n and k are positive integers where n > 2k, then we have 
X (KG 2 (n,k) 2 _ stab )=n-2k + 2. 

4 Multiple Kneser Graphs 

Throughout this section, we assume that k, r, n and m are positive integers where 
r > 2 and k > 1. Furthermore, suppose that tt = (Pi, P 2 , P m ) is a partition of 

m 

[n] and s = (si,s 2 , ■■■,s m ) is a positive integer vector where k < ^2 Si and for any 

i=l 

1 < i < m, we have Sj < \Pi\. The multiple Kneser hypergraph KG r (tt; s; k) is a 
hypergraph with the vertex set 

V = {A: A C P x UP 2 U • • • UP m , \A\ = k, VI < i < m; \AnPi\<Si}, 

where {Ai, . . . , A r } is an edge if A±, A 2 , . . . , A r are pairwise disjoint. In the sequel, 
we determine the chromatic number of multiple Kneser hypergraphs provided that 
r = 2 or for any 1 < i < m, we have |Pj| < 2sj. In this regard, we define the function 
fr t7T as follows 

rsi if |Pj| > rsi 



/r,7r(Pj) 

Also, set 



|Pj| otherwise. 



M r tt = max < 



-fc - 1 + ^(|P 3 | - frA P ii)) ■ * G N & Yl frA P ij) <rk-l 
3=1 3=1 



In the next theorem, we give an upper bound for the chromatic number of mul- 
tiple Kneser hypergraph KG r (7r; s; k) in terms of n and M r ^. 

Lemma 4. Let k,r,n, and m be positive integers where r > 2 and k > 1. Also, 
assume that tt = (Pi, P 2 , P m ) is a partition of [n] and s = (s±, s 2 , s m ) is a 



positive integer vector where k < Sj . VFe /iave 

i=l 

x(KG r (^;s;A:)) < max{l 



n — M r n 
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Proof. Without loss of generality, we can suppose that t is the greatest positive 
integer such that the value of M rj7r is attained and moreover we suppose that M rj7r is 
obtained by P m , P m -i, ■ ■ ■ , P m -t+i, i.e., M r>n = rk-l + Y,]=m-t+l(\ P j\ ~ frA p j)) 
and Y^jLm-t+i fr,n(Pj) < rk — 1. In view of definition of M T ^, for any 1 < i < 

m 

m — t, one can see that rk — f r/K (Pj) < f r A p i)- If m — t = 0, then the 

j=m— t+l 

chromatic number of multiple Kneser hypergraph is equal to one and there is noting 
to prove. Hence, suppose m — t > 1. Consider L to be a subset of P m -t of size 

m I m \ 

rk - I - fr,A p j)- Set T = L U |J pA . Note that the size of 

j=m—t+l \ j=m— t+l / 

m— t 

C = ( Pj) \ L is n — M r ^. For convenience, we assume C = {1, 2, . . . , n — M r>1T }- 



n—M rn 



+ 1 colors. 



Now, we present a proper coloring for KG r (7r; s; k) using 

We show that all the vertices of KG r (7r;s;/c) which are subsets of T form an 
independent set. To see this, suppose therefore (reductio ad absurdum) that this 
is not the case and assume that A±, A 2 , ■ ■ ■ , A r E V(KG r (7r; s; k)) form an edge in 
KG r (7r; s; k) where A±, A 2 , ■ ■ ■ , A r C T. According to the definition of KG r (7r; s; k), 

r r 

we have l^flPjl < f r ^(Pj) for any m — t + l < j < m and also \AiC\L\ < \L\. 
i=i i=i 

But 

r r m r 

^ = ilj^i = (Ei^ nL i)+ E Ei^ np ii 

i=l i=l j=m— t+l i=l 

m 

< \L\+ E frA P i) 
j=m—t+l 

m m 

= (kr-1)- £ frAPj)+ E -M^) 

j=m— t+l j=m— t+l 

which is a contradiction. 



m— t 

n— Mr : - 
r-l' 



Consider 



Note that the size of C = ( Pj)\ L is n — M r ^. Set 6 

i=i 

a partition (Qi, Q 2 , ■ ■ ■ , Qb) of C such that r — 1 = |Qi| = IQ2I = • • • = |Q&_i| > 

\Qb\ > 0. 

Now, we present a proper coloring for KG r (ir;s;k) using 6+1 colors. As we 
mentioned, all the vertices of KG r (tt; s; k) that are subsets of T form an independent 
set and therefore we can assign a color to all of them, e.g., 6+1. Since every other 
vertex A has a non-empty intersection with C, we define the color of this vertex to 
be the minimum integer j such that A n Qj 7^ 0. ■ 

In the sequel, we show that alt 2 (V (KG 2 (ir; s; k))) = M 2 ^ — 1. 
Lemma 5. Let k,m and n be positive integers and s = (si,S2, ...,s m ) be a positive 

m 

integer vector where k < S{. Also, assume that tt = (Pi, P 2 , P m ) is a partition 

8=1 
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of [n], where each Pj is a subset of |Pj| consecutive numbers. If X £ {+1,0, — l} n \ 
{(0,0, . . . ,0)} and altf(X) > M2, n , then either X +1 or X -1 contains a k-subset A 
of [n] such that A is a vertex o/KG 2 (7r; s; k). 

Proof. Suppose that X e {+1, 0, -1}" \ {(0, 0, . . . ,0)} and alt^X) > M 2)7r . Con- 
sider an alternating subsequence of non-zero signs in X of length altj(X). Define 
altj(X, Pj) to be the length of that part of this alternating subsequence of X lied 
in Pj. Also, let alt + (X,Pj) (resp. alt~(X,Pj)) be the number of positive (resp. 
negative) sings of this alternating subsequence of X lied in Pj. One can see that 
altj(X,Pj) = alt + (X,Pj) + alt-(X,Pj) and \alt+ (X , Pj) - alt~ (X , Pj)\ < 1. Assume 

m m 

that k + = min{sj, alt + {X, Pj)} and k~ = ^^min{sj, alt~(X, Pj)}. To prove 

3=1 3=1 

the lemma, it is enough to show that either k + > k or k~ > k. Suppose therefore 
(reductio ad absurdum) that this is not the case. So 

m m 

I(X) := ^min{sj, alt + (X,Pj)} + ^min{ Sj , alr(X,Pj)} <2k-2. 

3=1 3=1 

Since alt^X^Pj) = alt+(X,Pj) + alt~(X,Pj) and \alt + (X,Pj) - alt~{X,Pj)\ < 1, 
one can see that 

min{sj, alt + (X,Pj)} + mm{sj, alt~(X, Pj)} > min{/ 2)7r (P j ), alti(X,Pj)}. 
Therefore, 

m 

2k -2 > ^min{/ 2 , 7r (P j ), alt^X^Pj)} 

3=1 

f2A P j)+ E alt^Pj). 

{j: alt^Pj^h^Pj)} {j: a«t J (X,P J )</ 2 ^(P J )} 

This means that fi,ir(Pj) <2k — 2 and according to the defini- 

tion of M 2]7r we have 

2fc - 1 + " hA p j)) < M 2,- 

and therefore 

2fc-l-M 2i7r + £ \Pj\< Y, fiA p j)- 

{j: alt^X^^APj)} {3- ^ltl(X,Pj)>f2APj)} 

Now, we have 

2k -I- M 2j7r + \ P i\+ alt^X, Pj) < I(X). 

{j: altjiX^yh^Pj)} {j: a/t / (X,P J )</ 2 ^(P J )} 
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On the other hand, I(X) < 2k — 2 and so 

l+alt I (X)<l+ Yl \ P i\+ H alt I (X,P j )<M 2 ,- K , 

{j: oftiC^P^^/a^CPj)} {j: ait / (X,P / )</a, w (P i )} 

which is a contradiction. ■ 

Theorem 2. Lei k,n, and m be positive integers where k > 1. AZso, assume that 
ir = (Pi,P 2 , ...,P m ) is a partition of [n] and s = (si,s 2 , ■■■,s m ) is a positive integer 

m 

vector where k < s, . We have 

8=1 

x(KG 2 (vr; s; k)) = max{l, n - M 2 , w + 1}. 

Proof. To prove this theorem, according to Lemma 4, it is enough to show that 

x(KG 2 (7r; s; k)) > n - (M 2i7r - 1). Define pi = |P|, q = 0, and q. t = pi H h 

Without loss of generality, we can suppose that for any 1 < i < m, Pi = {qi-i + 
1, . . . ,(/«}. If M2. n > n, then according to Lemma 4, the assertion holds. Therefor, 
we assume that M2 n- < n - Set T = V(KG 2 (-7r; s; fc)). In view of Lemma 5, we have 
alt 1 (J 7 ) > M2 j7r — 1. Consequently, by Theorem 1, 

x(KG 2 (vr; s; k)) >n — alt 2 ,i(T) >n- (M 2)7r - 1). 



Note that Theorem 2 provide a generalization of Lovasz-Kneser Theorem [19]. In 
fact, if we set |Pi| = |P 2 | = •••|P m | = 1 and s\ = s 2 = ■ ■ ■ = s m = 1 (s = 
(1, 1 ... , 1)), then KG 2 (vr; s; jfe) = KG 2 (m, k). 

In [30], Tardif introduced the graph K^' m and called it the fractional multiple 
of the complete graph K%. This graph can be represented as follows. The vertices 
of K^' m represent independent sets of size k in a disjoint union of m copies of Kt, 
and two of these are joined by an edge in J{^ m if they are disjoint. In [25, 26], the 
chromatic number of K t ' was determined provided that t is even. It was shown 
that x(Kt' m ) = t( m — k + 1) where t is an even integer and k < m. Although, 
the chromatic number of K^ ,m for any odd integer t > 3 was remained as an open 
problem. Moreover, it was conjectured in [25] that x(X t fc,m ) = t(m — k + 1) where 
t > 3 is odd and k < m. In [26], it has been shown to prove x(^f' m ) = t( m ~ k+ 1), 
it suffices to show that x{K^ m ) = 3(m — k + 1), since -f^ 2 t+3 con t am s a complete 
join of A 2t and i\ 3 . 

Note that if we set |Pi| = |P 2 | = • • • |P m | = t and s% = s 2 = . . . = s m = 1 
(s = (1, 1 . . . , 1)), then KG 2 (vr; s; jfe) = A-f' m . Therefore, in view of Theorem 2, we 
have the next corollary which gives an affirmative answer to the aforementioned 
conjecture [25]. 

Corollary 2. Let t, k and m be positive integers where k < m and t > 2. Then 
x(K?> m ) = t(m-k + l). 
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Alon et al. 

X (KG r (n,k)) = 



2] determined the chromatic number of Kneser hypergraphs, i.e., 



n— r(k— 1) 



. Here, we introduce a generalization of this result. 



Theorem 3. Let k,r,n, and m be positive integers where r > 2 and k > 1. Also, 
assume that -k = (Pi, P2, P m ) is a partition of [n] and s = (s\, S2, ■ s m ) is a 

m 

positive integer vector, where for each i € [m], |Pj| < 2si and that k < ^Jsj- We 

i=l 

have 

X(KG (7r; s; k)) = 

Proof. Set pi = |Pj|, qo = 0, and q% = pi + • • • + Pi- Without loss of generality, 
we can suppose that for any 1 < i < m, Pi = {qi~i + 1, . . . , One can check 
that M rj7r = rk — 1. Set T = V(KG r (7r; s; k)). In view of Theorem 1 and Lemma 
4, the proof is completed by showing that alt r j{J-) < M rj7r — r + 1 = r{k — 1). 
On the contrary, let X = (X\X 2 , . . . , X r ) G (Z r U {0}) n \ {(0,0, ... ,0)} such that 
alti(X) > r(k — 1) + 1 and none of X l, s contain any vertex of KG T {it\ s; k). Consider 
an alternating subsequence of non-zero terms of X of length at least r(k — 1) + 1. 
Define alti(X, Pj) to be the length of that part of this alternating subsequence lied in 
Pj. Also, for each Ui £ Z r , let alt(X, Pj,uii) be the number of cjj's of this alternating 

r 

subsequence lied in Pj. One can see that altj(X, Pj) = alt(X , Pj , Wj) . We can 

i=l 

establish the theorem, if we prove there exists an coi € 2 r such that 

m 

min {sj, alt(X, Pj,ujj)} > k. 

j=l 

Suppose therefore (reductio ad absurdum) that this is not the case. Hence, 

r m 

min {sj, alt(X, Pj,Ui)} < r(k — 1). 

i=i j=i 

Note that for any j G [m], we know \Pj\ < 2s j and so this implies that, for every 
j € [m] and cjj € -E r , we have min {sj, alt(X, Pj, uji)} = alt{X , Pj , Wj) . Consequently, 

m r 

aZtj(X) = ^^min{sj,aZt(Z,P i ,a;i)} < r(/c - 1), 
j=i i=i 

which is a contradiction. ■ 



5 Stable Kneser Graphs 

In this section, we investigate the chromatic number of s-stable Kneser hypergraphs 
and almost s-stable Kneser hypergraphs. Next proposition was proved in [24] and 
here we present another proof for this result. 
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Proposition 1. Let k,n,r, and s be non-negative integers where n > sk and s > 
r > 2. We have 

n — s(k — 1) 



x(KG r (n,fc) 



s—stab, 



< 



r — 1 



Proof. Assume n = sq + t where < t < s. Set Pi+i = {is + 1, is + 2, ... , (£+ l)s} 
for < i < q — 1 and -P 9 +i = {sg+1, sq+2, . . . , n}. Also, define it = (Pi, P 2 , ...,P q+ i) 
and s = (1, 1, ... , 1). By Lemma 4, we have 



X (KG r (7r; < 



n — M Tj 
r - 1 



+ 1 



One can check that M r>n = (k — l)s + r — 1. Therefore, since KG r (n, k) s _ stab is a 
subgraph of KG r (7r, s, k), we have 

x(KG-(n,fc) s _ sta6 )<[ ^g^ 



Lemma 6. Let r, s and p be positive integers where r > s > 2 and p is a prime 



number. Assume that for any n > rk, x(KG r (n, k) s ^. s t a b) 



n— r(fc— 1) 



For any 



n > prk, we have x(KG pr (n,k) s - s t a b) 



n—pr(k—l) 
pr—1 



Proof. We endow 2^ with an arbitrary total ordering ^. Set L 
view of Proposition 1, we know that x(KG pr (n, k) s - s tab) < L 



n-pr(k-l) 
pr—l 



In 

On the 
< L. 



n-pr(k-l) 
pr—1 

contrary, suppose that there is an integer n > prk such that x(KG pr (n, k) s - s t a b 
Let h be a proper (L — l)-coloring of KG pr (n, k) s _ sta b- For a subset A C [n] where 
|j4| > rfe, the hypergraph KG r (|A|, k) s - s t a b can be considered as a subhypergraph 
of KG r (j4, k) s _ st ab- Hence, by assumption, we have 



X (KG r (A, k^-stab) > X (KG r (\A\,k) s . stab ) 



\A\ -r(k- 1) 
r - 1 



Consequently, if | A \ > (r - 1)(L - 1) + r(k - 1), then x(KG r (A, k) s - stab ) > L-l. In 
this case, there are r pairwise disjoint vertices of KG r (A, k) s - s t a b such that h assigns 
the same color to all of them. Set m = p((r — 1)(L — 1) + r(k — 1)) + L — 1. Now, we 
are going to introduce a map A : (Z p U{0}) n \{(0, 0, . . . ,0)} — > Z p x [m]. First, note 
that if X € (Z p U{0}) n \{(0,0,...,0)} and alt(X) > p ((r - 1)(L - 1) + r(k - 1)), 
then there is an 1 < i < p such that \X l \ > (r — 1)(L — 1) + r(k — 1). So, 
x(KG r (X' 1 , k) s _ sta b) > L — I; and therefore, there are r pairwise disjoint vertices 
Bi,B 2 ,...,B r of KG r (X\ k) s - stab such that h(B x ) = ■■■ = h(B r ) = c. Set h(X) to 
be the greatest such a color c. Precisely, 



h(X) = max { c : 3i, B 1: . . . , B r E ( ^ j ,BiHBj = 0, ^t(5i) 



fc(J3 r ) = c 



Now, define A(X) as follows 



14 



• if alt I (X) <p((r- 1)(L - 1) + r(k - 1)), set X(X) = (co j ,alt(X)) such that 

p 

j is the least integer in X k . 

k=l 

• iialt^X) ^p((r-l)(L-l)+r(k-l)) + l, define X(X) = (w\ p(r - 1) (L - 1) + 
pr(k — l) + h(X)) such that there are r pairwise disjoint vertices B±,B 2 , . . . ,B r 



for which h(B ± ) = h(B 2 ) 



h(B r ) = h(X), (J B k C X i and X 1 is the 



fc=i 



biggest such a component of X = (X 1 , X 2 , . . . , X p ) respect to the ordering ^. 

One can see that A satisfies the conditions of Z p -Tucker Lemma and therefore we 
should have 



But, 



D=p(r- 1)(L - l)+pr(k - 1) + (L - l)(p - 1) > n. 

D = (pr - 1){L - 1) +pr(k - 1) 

< (pr - l) C~ pr ^\ +pr ~ 2 -l)+pr(k-l) 
= n — 1, 



which is a contradiction. 

It was proved in [3] that for r = 2 J , x(KG r (ra, k) r _ sta b) = 
is an immediate consequence of this result and Lemma 6. 



n— r(k— 1) 



. Next corollary 



Corollary 3. Assume that a,k,n and r are positive integers. If we have 2 a \r, then 

\ _ n— r(k— 1) 
stab) r^l 



X (KG r (n,k) 2 a. 



r-l 



Theorem 4. For any positive integers k, n and r where n > rk, if n ^ k or r is 
an even integer, then x(KG r (n, k)2- s tab) 



n— r(k— 1) 
r-l 



Proof. In view of Corollary 3, if r is an even integer, then there is noting to 
prove. One can see that KG r (n, k) 2 ^ s t a b is a subgraph of KG r (n,k). This implies 

- r ^ k ^ Hence, it is sufficient to show that if n ^ k, 



r-l 
n-r(fc-l) 



r-l 



that X (KG>,£;) 2 _ stab ) < 

then x(KG r (n, k) 2 ~ s tab) > 

Assume that X G (Z r U {0}) n \ {(0, 0, . . . , 0)} and alt^X) > r(k - 1) + 2. One 
can see that there exists at least an X % (for some 1 < i < r) containing some vertex 
of KG r (n,fe) 2 —stab- Therefore, a/i rj /((^) 2 ) — r (k — 1) + 1- By Theorem 1, we have 



X (KG r (n,k) 2 _ stab ) > 



n - alt rJ (( [ l ] ) 2 ) 



> 



n — r(k — 1) — 1 



One can check that 



"n-r(fc-l)-l" 




'n-r(fe-l)" 


r-l 




r-l 



r-l 

provided that n k. 
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In view of Z„-Tucker Lemma, Meunier [24] proved that, for any positive integer r and 
any n > kp, the chromatic number of KG r (n, k)2-stab ls ^ ne same as the chromatic 
number of KG r (n, k), namely that is equal to n ^ 

Theorem B. [24] For any r > 2, we have x(KC(n, ^)2-stab) 



n— r(k— 1) 



Proof. We proceed analogously to the proof of Theorem 4. Note that if X 6 
(Z r U {0}) n \ {(0,0, ... ,0)} and altj(X) > r(k - 1) + 1, then there exists at least 
an X 1 (for some 1 < i < r) containing some vertex of KG r (ra,fc)^_ sta() . Therefore, 
alt r: i(( [ l ] )~) < r(k - 1). By Theorem 1, we have 



x(KG r (n,fc)2_ stai) ) 
This completes the proof. 



> 



n 



r - 1 



> 



n — r(fc — 1) 
r-l 



6 Colorful Graphs 

We say that a graph is completely multicolored in a coloring {colorful) if all its 
vertices receive different colors. 

Theorem C. [29] Let J- be a hypergraph and r = cd2{J-). Then any proper col- 
oring of KG (J- ) with colors {1,2, ... ,k} (k arbitrary) must contain a completely 
multicolored complete bipartite graph K^z-^^r^ such that the r different colors occur 
alternating on the two sides of the bipartite graph with respect to their natural order. 

We should mention that there are several versions of Theorem C in terms of 
some other parameters in graphs, see [6, 11, 22, 28]. The aforementioned theorem 
presents a lower bound for local chromatic number of a graph which is the minimum 
number of colors that must appear within distance 1 of a vertex, for more about local 
chromatic number, see [8, 28]. Next theorem provides a generalization of Theorem C 
in terms of alternation number of graphs. 

Theorem 5. Let T C 2^ be a hypergraph and r = n — alt2(J-). Then any proper 
coloring ofKG(J~) with colors {1,2,... , k} [k arbitrary) must contain a completely 
multicolored complete bipartite graph ifpi^nj such that the r different colors occur 
alternating on the two sides of the bipartite graph with respect to their natural order. 

Proof. Without loss of generality, we can suppose that a^iJ 7 ) = a^j^J 7 ), where 
/ the identity permutation on [n]. First, assume that M = alt2j(J r ) is an even 
integer. Consider an arbitrary total ordering ^ on the power set of [n] that refines 
the partial ordering according to size. In other words, if |^4| < \B\, then A ^ B, and 
sets of the same size can be ordered arbitrary, e.g., lexicographically. Assume that 
h is a proper coloring of G = KG(J r ) with k colors {1,2,..., k}. Now, we construct 
a map A : {-1, 0, +1}" \ {(0, . . . , 0)} — ► {±1, ±2,..., ±m} where m = M + k. For 
X e {-,0, +} n \ {(0, 0, . . . , 0)}, set X(X) as follows 
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• If altj(X) < alt2 i(J~), we define X(X) = ±altj(X), where the sign is deter- 
mined by the sign of the first element (with respect to the permutation /) of 
the longest alternating subsequence of X (which is actually the first non-zero 
term of X). 

• If altj{X) > alt2j(J~) + 1, in view of definition of altj(F), either X + or X~ 
contains a member of T '. Define c = m&x{h(F) : F G J~\x}- Assume that F 
is a member of F\ x such that h{F) = c. Set X(X) = ±(h(F) + M), where the 
sign is positive if F C X + and negative if F C X~ . 

It is straightforward to see that A : {-, 0, +} n \ {(0, 0, . . . ,0)} — > {±1,±2, . . . ,±m} 
satisfies the conditions of Tucker-Ky Fan's Lemma. Therefore, by Tucker-Ky Fan's 
Lemma, there are n signed sets X\ ■< X2 ^ • • • ^ X n such that {A(Xl), . . . , X(X n )} = 
{ci, — C2, c 3 , . . . , (-l) n_1 c„} where 1 < c\ < 02 <■■■<<%< m. 

For any 1 < i < n, set = \Xf U X~\. Since 1 < |Xi| < \X 2 \ < ■ ■ ■ < 
\X n \ < n, we have \Xi\ = i. Note that |A| is a monotone function; and therefore, 
X(Xi) = (— l) % ~ l Ci. This observation concludes that \Xf\ = |~|] and \X7\ = [§J- 
In particular, \X^\ = -y and \X^\ = y- 

Note that for i > M + 1, we have |A(Xj)| = h(Xi) + M and this implies that 

• if i is even, then h(X7) = Ci 

• if i is odd, then h(X^~) = Ci 

Now, for any i = M + 21 E {Af + 1, M + 2, . . . , n}, there is an F; € J such that 
Fi C jr c X- and /i(^) = c M +2«- Also, for any i = M + 2Z - 1 G {M + 1, M + 
2, . . . , n}, there is a G| G J such that Fi C X 4 + C and /i(G;) = cm+21-i- Since 
n X~ = 0, the induced subgraph on vertices 



Fl,F 2 ,. . . , F^ n -alt 2 (T) j 



is a complete bipartite graph which is the desired subgraph. 

Now, assume that M is an odd integer. One can consider J 7 as a subset of 2^ n+l \ 
Note that alt 2 {T) = M + 1 is even integer and still n- M = (n + 1) — (M + 1). 
Therefore, a similar proof works when M is an odd integer. ■ 

Suppose that p and q are positive integers where p >2q and G is a graph. A (p, 
coloring of G is a mapping h : V(G) — > {0, 1, ... ,p — 1} such that for any edge 
xy G E(G), we have g < \h{x) — h(y)\ < p — q. The circular chromatic number of G 
is defined as follows 

Xc(G) = inf < - : G admits a (p, q) — coloring 

u 

It is well-known [32] that x(G) — 1 < Xc{G) < For more on circular chromatic 

number, see [32, 33]. 

The problem whether a graph has the same chromatic number and circular chro- 
matic number has received attention, see [1, 23, 28, 32, 33]. For a t-coloring h 
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of G, a cycle C = (vq, v\, . . . , v n -i, vo) is called tight if h(vi+i) = h(vi) + 1 for 
i = 0, 1, . . . , n — 1, where the indices of the vertices are modulo n. It is known [32] 
that for a positive integer t, Xc(G) = t if and only if G is t-colorable and every 
i-coloring of G has a tight cycle. 

Assume that J C 2'"' and x(KG 2 (J-")) = n — altziT'). Previous theorem implies 
that, for any x(KG 2 (J-"))-coloring of KG 2 (.F), there is a colorful complete bipartite 
graph K r x(KG 2 (T)) l x(KG 2 {T)) r This result implies that Xc(KG 2 (J")) = x(KG 2 (J r )) 

I 2 I'L 2 J 

provided that x(KG 2 (J r )) is an even integer. 

Corollary 4. Assume that T C 2^ and x(KG 2 (7")) = n - alt 2 (T). //x(KG 2 (7")) 
zs an even integer, then x c (KG 2 (J 7 )) = x(KG 2 (.F)). 

It has been conjectured in [14] that any Kneser graph has the same chromatic number 
and circular chromatic number. This conjecture has been studied in several papers, 
see [1, 4, 5, 13, 14, 23, 28]. Finally, Chen [5] completely proved this conjecture by 
using Fan's Lemma in an innovative way. Next, a shorter proof was presented in [4]. 
For T = V(KG 2 (7r; s; k)), in view of the proof of Theorem 2, we have alt2(T) = 
M2 t n — 1 and therefore, 

x(KG 2 (7r; s; k)) = max{l, n — alt2(J~)}- 

Next corollary is a consequence of Corollary 4. 

Corollary 5. Let k,n, and m be positive integers where k > 1. Also, assume 
that tt = (Pi, P2, P m ) is a partition of [n] and s = (s\, S2, s m ) is a posi- 

m 

tive integer vector where k < ^^Si- If x(KG 2 (-7r; s; k)) is an even integer, then 
Xc(KG 2 (7r; s; k)) = x(KG 2 (vr; s; k)). 

Acknowledgement: The authors wish to express their gratitude to Professor 
Carsten Thomassen for his invaluable support. 
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